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Q_^' Abstract 

' We first discuss the relationship between the 5L(2; R)/C/(l) supercoset and M = 2 



Liouville theory and make a precise correspondence between their representations. We 
shall show that the discrete unitary representations of S'L(2; R)/[/(l) theory correspond 
exactly to those massless representations oiN = 2 Liouville theory which are closed under 
modular transformations and studied in our previous work [18]. 

It is known that toroidal partition functions of SL{2; R)/C/ (1) theory (2D Black Hole) 
contain two parts, continuous and discrete representations. The contribution of continuous 
representations is proportional to the space-time volume and is divergent in the infinite- 
volume limit while the part of discrete representations is volume- independent. 

In order to see clearly the contribution of discrete representations we consider elliptic 
genus which projects out the contributions of continuous representations: making use of 
the S'L(2; R)/C/(l), we compute elliptic genera for various non-compact space-times such 
as the conifold, ALE spaces, Calabi-Yau 3-folds with An singularities etc. We find that 
these elliptic genera in general have a complex modular property and are not Jacobi forms 
as opposed to the cases of compact Calabi-Yau manifolds. 



1 Introduction 



Study of superstring vacua in irrational superconformal theories has been a challenging 
problem. These theories describe superstrings propagating in non-compact curved space-time 
often developing isolated singularities. Applications of the study of this subject include the 
string theory on Calabi-Yau singularities and its holographic description, or the little string 
theory on NS5-branes in the T-dual picture [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. The 
analysis is also important for backgrounds with non-trivial time dependence studied in the 
context of time-like Liouville theory [14, 15, 16]. Much of the efforts of understanding irrational 
(super) conformal theories have centered around the study of Liouville field theory. See, for 
instance, [17] for a recent review including a detailed list of literature. 

One of the outstanding difficulties in these non-compact models is the coexistence of both 
discrete and continuous spectra of primary fields. Characters of these representations mix in a 
non-trivial manner under modular transformations in contrast with rational theories. 

As an example, let us recall the superstring vacua of the type 

Minkowski space-time A/" = 2 minimal ® M — 1 Liouville . 
Then, we had the following puzzle ^; 

1. These backgrounds correspond to isolated singularities in Calabi-Yau spaces [1, 2, 3, 4], 
and one expects the existence of massless excitations describing the deformation of the 
singularities in the string spectra. 

2. However, the modular invariant partition functions for such superconformal systems (in 
the infinite- volume limit) contain only contributions from continuous representations which 
possess the mass gap and no discrete representations corresponding to massless excitations 
occur, as was studied for instance in [7]. 

In our previous work [18] we have partially resolved this puzzle by showing that 

3. Discrete massless modes representing non-trivial cycles appear in the open string channels 
of cylinder amplitudes associated with supersymmetric boundary states. We have obtained 
candidate Cardy boundary states which correspond to ZZ and FZZT branes in the bosonic 
Liouville theory [19, 20, 21]. See also [22]. 

In this paper in order to further study these problems, we analyze the S L{2\'R) ^ / U {1) 
Kazama-Suzuki model [23], which is known to be T-dual (mirror) to the M = 2 Liouville theory 
[24, 5, 25, 26]. After identifying the SL{2] Il)k/U{l) conformal blocks (branching functions) with 
^This issue was first raised in [9]. 
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the J\f — 2 characters, we perform the character expansion of the toroidal partition function 
of the Kazama-Suzuki model in order to study its closed string spectrum. We will follow the 
analysis given in [27] (see also [28, 29]) of the partition function of the bosonic 5'L(2; R)/C/(l)- 
model [30, 31]. It is well-known that the gauged WZW model for 5'L(2; R)/C/(l) describes the 
geometry of a 2-dimensional black hole [32] . 

We find an infra-red divergence in the partition function of the theory corresponding to the 
infinite volume V of the geometry of 2D black hole. In the limit y — > oo the partition function 
becomes simply the diagonal sum of continuous representations. When we suitably regulate the 
IR divergence, however, we find a non-trivial weight function for the continuous series and also 
a set of discrete representations with spin 1/2 < j < (k + l)/2. We find that these discrete 
series are exactly the massless representations mAf — 2 Liouville theory which are closed under 
modular transformations [18]. 

Discrete states are locahzed around the tip of the cigar in 2D black hole [33] . Thus they are 
suppressed in the infinite- volume limit as compared with the continuous representations. 

In order to see clearly identify the contributions of the discrete states not buried under the 
continuous representations, we propose to study the elliptic genus of the theory [34] to which 
the continuous representations do not contribute. We consider coupled superconformal systems: 
5'L(2; R)fe/C/(1) (S> M, where M are various J\f — 2 RCFT's. By taking suitable choices for 
A4 we have computed elliptic genera for the conifold, ALE spaces, Calabi-Yau 3-folds with 
An singularities etc. It turns out that in general elliptic genera have a complicated modular 
property and are not Jacobi forms as in the case of compact Calabi-Yau manifolds. They are 
instead expressed in terms of the Appell function which features in the study of higher rank 
vector bundles over elliptic curves [35, 36]. 

While preparing this manuscript, we became aware of an interesting paper [37] on the e- 
print Archive, where the authors studied the modular properties of the extended characters in 
the bosonic 5'L(2; R)/C/(l)-model defined in the similar manner as in [18], and there are some 
overlaps with the present work. 
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2 Toroidal Partition Function for the SL{2] R)/C/(l) Kazama- 
Suzuki Model 



2.1 Preliminaries 



The Kazama-Suzuki supercoset model [23] for 5'L(2; R)jt/C/(1) is defined as tfie coset CFT 

5L(2;R)«x50(2)i 



which is an A/" = 2 SCFT with the central charge and level ^ 



(2.1) 



c 2 

£=- = ! + -, k = K-2. (2.2) 
3 k 

More expHcitly, the total world-sheet action is written as 

S{g,A,ij^,ij^) = KS,^M9,A) + S4ij^,^p^,A) , (2.3) 

«^gwzw(^, A) = ^^S""^ (^) + ^ (y ^"'^--^) + ^ (y^^^^"') 

+Tr (y^y^^^) + ^^.-^.} , (2.4) 
^wz^r^(^) = X ^'^'^ (^"^"'M + 1^ X ^ ((5"'^^)') . (2-5) 

+^-+(9, - A,)V'- + i^-{d, + A,)i^+} , (2.6) 

where the complex fermions ^'^ (and V'^) have charge ±1 with respect to the ?7(l)-gauge group. 
The bosonic part nSgwzwig, A) is the gauged WZW model for the coset SL{2;'R)k/U{1)a 
[38, 30], where U{1)a indicates the gauging the axial C/(l)-symmetry; g —>■ flgfl, fl{z,z) = 
^iu{z,z)a2 [u{z, z) e R, (72 is the Pauh matrix.) It is well-known that this model describes string 
theory on 2D Euclidean black-hole with the cigar geometry [32]. The WZW action kS'^zw \9) 
is formally equal to —i^S^^^{g), and has a negative signature in i(j2-direction. Since we have 
i/3(5L(2;R)) = 0, the action KS^i^^\g) can be rewritten as a purely two dimensional form 
and the level k need not be an integer. 
The chiral currents 

f{z) = kTt (T^'d^gg-') , j^{z) = -kTt (T^g-'d,g) , (2.7) 

T' = \a^, T^^±\{a,±ia,) (2.8) 



^Throughout this paper we denote the level of super 5^(2; R) as k, and the level of bosonic 5L(2;R) as 
K = k + 2. 
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satisfy the affine 5'L(2;R)^ current algebra (we write the left-mover only); 

f{z)j^{0) ~ — j±(0) (2.9) 

K 2 

j+{z)r{o) - ---/(o) 

z z 

and the pair of free fermions ■0+, ■0" satisfy the OPE's t/j'^ {z)tlj~ (0) ~ l/z, ■0='=(2;)'0^(O) ~ 0. 
The exphcit realization ol M — 2 SCA is given by 

nz) = ^VABj^f + Ij'J' - lii^^d^- - d^+i;-) , ivAB = diag(l, 1, -1)) , 

J^^l;+^l;- + lj\ G±^_L^±^-T, (2.10) 

where we set = + ip^ip^, which is the unique C/(l)-current commuting with all the 
generators olM — 2 SCA and hence defines the denominator of the SL{2] R)jt/[/(l)-supercoset. 

To close this preliminary subsection, we summarize irreducible representations of SL{2; R)^ 
current algebra. We concentrate on the representations with conformal weights bounded from 
below^ and corresponding to unitary representations of the zero-mode subalgebra {jq, jo}- The 
parameter j is related to the conformal weight of vacuum states by the well-known formula 

^^_j(jjll)^ (2.11) 

in all cases. 

1. continuous series : Cp^^ {j = — I" P ^ R>0) < a < 1) 

They are non-degenerate representations and all the states lie above the mass gap h > 
The vacua have the jg-spectrum; Jq — a + n, n & Z. The character formula is 

simply given by {q = e^'^*'^, y = e^'^*"); 



= ^ Ey"-^"- (2-12) 
In the following arguments we often use formal identities such as 

^ y ^ y nGZ mGZ 

For a more rigorous treatment, one may consider the "regularized characters" x^(r, M;e) 
defined by replacing e2'^'("+")" with e2'r^("+")«e-l"l'^ (e > 0, n e Z, < a < 1). 



K-2 
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We have more general representations constructed by the spectral flows; 

*3 '3 ^ s "i -i T T -S ^ 2 r 

Jm ^ Jm ~ '2'^^™^ ' ^ Jm±n ' ^ + '^Jm ~ '^'^ Om,0 

However, they generically have unbounded spectra of conformal weights. 
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2. discrete series : T>f {j e R>o) 

The superscript + indicates that these are the lowest weight representations and — does 
the highest weight ones. The spin parameter j is allowed to be continuous despite the 
name "discrete series" (while, in the SL{2; R)/f/(l)-coset theory j takes discrete values). 
The vacua have the j'o'Spectrum; Jq = ±{j + n), n e Z>o for Vf respectively. The 
character formula is written as 

3. identity representation : 

This is the representation generated by the vacuum h = Jq = corresponding to the 
identity operator. Since this vacuum is both highest and lowest weight, the character 
formula becomes 

-1/2 



q -ii'' -) tj "(1 — y) (j 

= ' e^i^) ^ n^=i(i-g")(i-z/g")(i-z/-V)' ^^'^^^ 



4. complementeiry representations : Sj^a (0 < i < 



1 

'--2 



< 



1 

a 

2 



< a < 1) 



2' 

These are non-degenerate representations below the mass gap. The vacua again have 
the jQ-spectrum; Jq ~ a + n, {n e Z). The character formula has the same form as 
the continuous series. The range of j comes from the unitarity of zero-mode subalgebra. 
At the "boundary" of this range j = 0, a = 0, the representation with h — becomes 
reducible and is decomposed as 

£j=o,a=o = (identity rep.) ® V+^^ ® VJ^^ . (2.15) 



2.2 Branching Functions 



We start our analysis by identifying the conformal blocks for the toroidal partition function in 
the SL{2;Il)k/U{l) Kazama-Suzuki model [23]. Although this task has been already implicitly 
carried out in [39]^, it is helpful for our later analysis to provide the explicit formulas of conformal 

^It is an easy exercise to show the equivalence of the "non-compact parafermion" approach (with a compact 
boson added) used in [39] with the SL{2; R)/J7(l) Kazama-Suzuki model. We can thus associate all the branching 
functions of the Kazama-Suzuki model with unitary irreducible representations of AA = 2 SCA based on the 
analysis given in [39]. See also [40]. 
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blocks. It turns out that these blocks are identified with the irreducible characters ol M — 2 
SCA. This fact will be the simplest evidence for T-duality with the M — 2 Liouville theory. 

We focus on the NS-sector and the formulas for other spin structures are obtained by using 
the 1/2-spectral fiow. According to the standard treatment of coset CFT, the conformal blocks 
are defined as the following branching functions; 

(NS). 

where ^ indicates each of the irreducible representations of S'L(2;R)^ classified above. The 
angle variables v, z, w are associated to the C/(l)-currents j^, ip'^ip'', J, respectively, and 
we can easily read off the relations among them as 

2 k + 2 , 

U—yZ + W, V — U + Z= Z + W, (^-l') 

k k 

2 

from the definitions = + V'^V'") J — V'^V'" + T"^^- The summation of m runs over the 

ft" 

possible Jq -spectrum of representation ^ (tensored with the free fermion system il)^) 

The branching functions for continuous series (and the complementary representations) are 
easily obtained due to the absence of null states; 



(2.18) 

Here ch*^'^^^ denotes the J\f — 2 irreducible character for the massive (non-degenerate) represen- 
tation (B.l). We sometimes allow the pure imaginary values of p corresponding to the branching 
functions for the complementary representations £j^a {.3 = 2^ w) ■ The unitarity condition [41] 
is derived from those for (the zero-mode parts of) Cp^ai ^j=i+ip,a' 

+[a-]^ > , a = m (mod 1) , < a < 1 . (2.19) 

Derivation of the branching functions for the discrete series is more non-trivial. We will 
focus on V'^ because VJ is obtained by the spectral fiow 

g-fe-2-t";^+(r,x, + r) =X|-,(r,ii) ■ (2.20) 
The desired branching function is expressed as 

XdisSl(r,^) ^ f^dwxiMUr.v)e-^'''^^^> . (2.21) 
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We first consider the following shifts of angular variables in (2.21) (or (2.16)); 

2 

z \ — > z + nr , w \ — > w - -nr , (^n e Z) (2.22) 

k 

which leaves u invariant and causes v i — > v + nr. Using the property 93{t,v + nr) — 

2 

g'~^e~^™^6'3(T, ■?;), we find the relation 

^Ke2---XdisS'n^,^ + ^r)=XdisSl(r,^) , (c=l + ^) ■ (2.23) 

Therefore, it is enough to calculate Xdis j^^^(''', z)- The easiest way to evaluate it is to use of the 
character relation 

X+(t, u) + g^-^e2-^"X|-, (r, u) = Xj,a=j{r, u) . (2.24) 

R.H.S is the character of complementary representation £j,a=j- 

We act by q~ / (iw ^3(t, v)e~^'^'^"' on both sides of (2.24). We also need the branching 
Jo 

relation for T>'^_-; 

i ' ^ + \^ 1 

}f!ln{T.z) = q^^^^ f dwx-..,{T,u)es{T,v)e-M^-^+-> , (2.25) 



Xdis jj^ny'^i ) 

which is derived from (2.20) by making a shift w i — > w+t with keeping z (that is, u i — > u+t, 
V I — > V + r) in (2.21). We then obtain 



(1 + e--g^/^)XdisS'^(r, .) = X.oJZUr, - ^--e^^ ^ ^ . (2.26) 
This leads to the formula 



V. = f^^gl ^ - chS='(« = y/t. r. .) . (2.27) 

Here ch^^^((5; r, z) is the massless matter character oiAf — 2 SCA for the chiral primary states 
h — Q/2 > (B.2). Since (2.23) is the proper relation for spectral flow oi Af — 2 SCA (see 
(B.5)), we can identify Xdis j^>n('^' ^) '^i^^ flowed massless matter character (B.5); 



j+n^+2nj 1_ g ■ 2(j+n) 

Xdi.^,-j^(T, z) = chU (g = 2j/k, n; r, ^) = ^ ^ ^2.izqn+i/2 ^(^yT ' i n & Z) 



(2.28) 

One may check directly the validity of our branching relation 

+ . Mr,v) _ q^^-i^e^--^^ O^jr, z) g-^e^^-O^")- 

by comparing the residues at poles e^'^^^g"* = 1 (m e Z) of both sides. 
It is useful to note: 
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• n > 0: The vacuum state of Xdis^j^jlni'^i ^) is (jo)"\j,j) ® |0)^, which possesses the 
quantum numbers 

2j(n+i)+n2 2(i + n) 

, Q--^^^^ (2-30) 

• n < 0: The vacuum state is j) ® '0Ii/2|O)v" which has 

^^-(.-2,)(n + l)+n^_ Q = ?^^-l. (2.31) 

Especially, Xdisff-iiT-, z) is the character of anti-chiral primary with h = — — = — ( j ] . 

2 k \ 2 J 

As is proved in [39], the unitarity bound for the Casimir parameter j is given as 

0<.<i(-^). (2.32) 

which reproduces all the (spectrally flowed) massless matter representations ol M — 2 SCA 
lying on the "unitarity segments" given in [41]. 

Branching functions for the identity representation Xdis j^o',m=o(''") z) be derived in a 
similar manner with the help of (2.15). As one may expect, it is given by the graviton repre- 
sentation /i = Q = (B.3) of = 2 SCA. We find that 

(NS)/ V i(NS)/ s _1 6'3(r, Z) /r, QQ\ 

Xdisco (r, z) = Che (r, .) = ,.. (i + e2--V/^)(l + e-^-gV^) ^{rf ^^"^^^ 
Spectral-flowed version is given by 



XdisO.n 1^^, Z) - Cn^ l^n, r, _ g ^ g27ri^^n+l/2^ + e2'^»^g"-V2) ^(7-)3 



(2.34) 

The corresponding vacua are slightly non-trivial; 

• n = : The vacuum is |0, 0) (8) |0)^ with h = Q = 0. 

• n>l : The vacuum is (jli)"~^|0, 0) (8) '0^i/2|O)v>' which has the quantum numbers 

h^^+n-l, Q = y + (2-35) 

• n < —1 : The vacuum is (jri)'"'~^|0, 0) (8) '0Ii/2|O)v)' which has the quantum numbers 



We finally introduce the branching functions of other spin structures to fix the convention in 
this paper. Let X*^^(t, be the abbreviated notations of the branching functions considered 
above (m = Jq ) . We define 



2.3 Toroidal Partition Function 



Let us analyze the toroidal partition function of 5'L(2;R)fe/C/(l) Kazama-Suzuki model. 
It can be evaluated by the path-integral approach as described in [30, 31] for the bosonic 2D 
black- hole model [32]. Here we present only the result and leave the detailed calculations to 
Appendix C. For the NS sector of the theory, we obtain 



= C dsi ds2—— -2 2^ exp \{w + si)t - {m + S2)\ 

Jo Jo \ei{T,SiT-S2)\ ^,rneZ V ^2 J 

(2.38) 

where C is a normalization constant to be fixed later. The partition functions for other spin 
structures are obtained by simply replacing 93{t,SiT — S2) with 0[a-]{T,SiT — S2), defined as 
^[NS] — ^3, ^[f^] = ^4) ^[R] = ^2 and = i9i. Assuming the diagonal modular invariant for 
spin structures, we obtain the partition function 

Z{T)^Wz^''\r). (2.39) 

Here u = SiT — S2 (0 < Si,S2 < 1) is the modulus of gauge field A. One can view the sum 
over m, n as summing over the momentum and winding modes of a compact boson Y which 
parameterizes the 2-dimensional gauge field A. Y has a radius V2k which is the size of the 
asymptotic circle far from the tip of the cigar. With the canonical normalization Y{z)Y{0) ~ 
— In ^ for the field Y, total anomaly free current defining the BRST charge (see [38]) is given as 

Jl, ^ f + ij^r + ^idY , Jl, ^ f + i^+r - sj^iBY . (2.40) 

Of course, these currents have no singular OPE's with the M — 2 SCA generators (2.10), 
assuring their BRST-invariance. 
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The partition function (2.39) is modular invariant in a formal sense since the modulus 
integral j ds^ds^ is logarithmically divergent due to the double pole of 1/|^i(t, S]T — S2)p. The 
appearance of divergence is not surprising since the target space has an infinite volume. The 
evaluation of modulus integral with a suitable IR cut-off in (2.38) is quite useful in determining 
the closed string spectrum, as shown in [27] for the bosonic 5'L(2; R)/C/(l) model. We turn to 
this analysis from now on. 



2.4 Expansion into Branching Functions 

We expand the toroidal partition function into branching functions of SL{2; R)fc/t/(l) fol- 
lowing the procedure of [27]. (See also [28, 29].) Although our result will be quite similar to 
the bosonic case [27], we will present our analysis for the supersymmetric case for the sake of 
completeness. 

We start with the partition function of NS sector (2.38). Using the Poisson resummation 
formula, we can rewrite it as; 

Z^^'\r) = C t ds, l\s,M V l^3(r,.ir - s.^ ^-2.^.(i^|(..W)-2..n((..-^.)n-..) 
^' Jo 'Jo k ^j:^^^\e,ir,s,r-s,)\' 

(2.41) 

The S2-integral is easily performed since S2 appears only linearly in the exponent. The q- 
expansion of the theta function terms is expressed as the trace over the Hilbert space of various 
oscillators. We introduce the oscillator levels N, N and also the operators /, / defined as 

I = + , V+} - ttOn , i^;} , 1 = HJ^: } - HJn: V^."} ■ (2-42) 

The relevant Hilbert space is 



L 

where denotes the Fock space of each sector. Especially, in the SL{2; R)-sector, J^sl{2) 
^SL{2) means respectively the ones associated to the lowest and highest weight representations 
of zero-modes: namely we have 

Tr^± ( iv-i/8g2.i«i\ ^ (2.44) 

We thus obtain 



•^0 ^ k ^ „gz; 

XTr-H+ ^Q-'^^'r2{N+N+{l+l+l)si-l)+2TriTi{N-N-nw)'^ ^ (2.45) 
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where the trace is constrained by the condition I — I — n imposed by the S2-integral. 

The Si-integral is non-trivial since Si appears quadratically in the exponent. Following 
[28, 27], we linearize it by means of the Fourier transformation; 

J—oo 

The Si-integral is then easy to compute and gives 

J-oo Jo 

J-oo 27r(ic + r2(A;w + / + r+l)) I i 

— / dj'p — -f- — / dj'p 

27ric2 ipj^'^(^k{w + l) + 1 + 1 + 1) 27rJci ip + I (kw + I + 1 + l)' 

(2.47) 

In the last line we set c = 2t2P — iT2k in the first term, and set c = 2t2P in the second term. 
The integration contours are defined as Ci : Imp = 0, C2 : Imp — k/2. 

To proceed further it is useful to make use of the spectral flow associated to the total currents 
(2.40), defined symbohcally as^ 

W„ = e-*(°'°), td^^Jl,, td^^Jl,, (neZ). (2.48) 

It is easy to see that Ui acts as 

U-^NUi=N + l + ^ , U^^NUi = N + l + \ , 

Uy^lUx = l + \ , U^^ lUi = 1 + 1 , U^^ wUi = w + 1 , Ui^nUi = n , (2.49) 
and maps the Fock space 7i+ to H~. We thus find that 

w,nez V ip + l{k{w + l) + 1 + 1 + 1) 

w,nez \ W+ \ [kw + 1 + 1 - l) ) 

Substituting (2.47) and (2.50) to (2.45), we can show {c={k + 2)/k) 

■i. + k<£L+2 P^+V^ - £ ^ / -27rT2 ( AT+JV) +27rm [N-N- 



^^'^ w,n€Z 



la 



'ci V ip + l(kw + 1 + 1 + 1) 

g -27rT2(w+iV)+27rm(iV-iV-nw) ' 



dpe ' " V Tr 



'C2 y ip + ^(^kw + i + i-v ' 

^This is different from the standard spectral flow of Af = 2 SCA, deflned in the same way referring to the 
M = 2 f/(l)-currents (see (B.4)). We note that the operators Un preserve the total current (2.40) and hence 
make the BRST-charge invariant. Un also preserves the M = 2 SCA generators (2.10). 
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As in [28, 27], let us perform the contour deformation; C2 — > Ci, which picks up extra con- 
tributions from simple poles within the range < Imp < k/2. The partition function is now 
divided into two parts; 

Z^'^'Kt) = Z^J^^\t) + Z^^^^^\r) , (2.52) 

where the first term includes the p-integration on the real axis (Ci) and the second corresponds 
to the sum of pole residues. 

The first term ZcorP^^^ (t) is rewritten as 



roc { r? I fciu^ I + c\ 

ZTTK J —00 



-2nT2[N+N^+2mTi(^N-N-nw^ ' 



ip+l (kw + l + l + 1 



^-2ttt2 [N+Nj+2TTiTi {^N-N-nw ) 



+ \(kw + l + l-l 



(2.53) 



Since the factor I + 1 appears only in the denominators, the traces are logarithmically divergent 
when one sums over the states of the form (jo'io')^|'0) ((jcrjcr)^|'0)) for Tr7i+ (Tr7i-)- This 

divergence comes from the pole Si = S2 = in (2.38), that is, the infinite volume effect. Since 

Tt^ kw^ -|- 1/4 c 

the exponent — H 1-2 ; is the correct weights for the continuous representations, 

2A; 2 k A 

it is natural to expect that ^con^^^H''") can be expressed in a form 

n — kw n + kw 
m = — - — , m = — , (2.55) 

with a suitable spectral density p{p,w,n). Here Xcon'^p^m i^^ ^) branching function of 

continuous series (2.18) and is an irreducible massive character oi M — 2 SCA. Although there 
appear some ambiguities in regulating the IR divergence, a candidate expression for p(p, w, n) 
has been proposed in [28, 27]. 



1 Id T i-ip + \ - m)V i-ip + \ + m] 

^(^,^,71) = — 21og e + — — log — ) ^ { — ) f, (2.56) 

^ ' ^ 27r ^ 2m2dp ^ r (+zp + i - m) T (+zp + i + m) ^ ' 

where e > 0, e is the IR cut-off. The first term in (2.56) is interpreted as the volume 
factor. The second term has a non-trivial momentum dependence and is related to the reflection 
amphtudes of Liouville theory as is discussed in [28] . 

On the other hand, the pole contributions yield the sum over the branching functions of 
discrete series (2.27) (and (2.28)). We take the identification j — —ip+ - for the spin parameter 

j so that we have e"^'^^^^ = e^^^^fc(-'~2) (with this identification relevant poles are located in 
the region j > 0). The pole occurs in the 2nd term of (2.51) at 

j^hkw + l + i) ( =hkw -n + 2l) ^^{kw + n + 2i) \ . (2.57) 
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Since only the poles located on the interval between Ci and C2 can contribute, we must impose 

K-V 



1 k + 1 
- < 7 < 

2 - 2 



(2.58) 



Note that this range (2.58) coincides with the one derived in the bosonic model [27] (with 
respect to k) and is strictly smaller than the unitarity bound (2.32) [39] for generic values of k. 
This bound also coincides with the one required by the analysis of reflection coefficients (two 
point functions on sphere) [5], and also with that obtained from the no-ghost theorem for the 
parent 5L(2;R) theory [42] (see also [43, 44, 45]). 

We also would hke to emphasize that the restricted range (2.58) agrees exactly with the 
range of massless matter representations Ch^^^ (r, s) of jV = 2 Liouville theory discussed in 
[18]. In fact under the correspondence of notations 



2K' 



k 



N 
K 



the range 1/2 < j < (A; + l)/2 maps to 



K <s <N + K 



(2.59) 



(2.60) 



which is exactly the range of massless representations closed under modular transformations. 
Recalling the branching relation (2.25), the desired character expansion is obtained as 



w,nez ^ ' ^ 



(NS) 



-j,m+- 



(t,0) , 



a(i) = < 



1 A; + l 
2' 2 



n 



kw — n 



+ Z 



1 (l<i<¥) 

1 (j^i t±i) 

2 VJ 2' 2 / 



(2.61) 
(2.62) 

(2.63) 



where m and m are defined as above (2.55). The factor a{j) is necessary to give a correct weight 
to the poles on the boundary, j = 1/2 and {k + l)/2.^ We choose the normalization constant 
C^k. 



^One may object to a fractional factor 1/2 in the weight of discrete representations in the partition function. 
However, there exists a character identity 



which enables us to write (2.61) in a form (set C = k) 
^dis^^^^(r) 

w,neZ j&J^^„ 

' kw — n 



n + v? ^ 2n + 1 



E E Xdis^P]^„+| (t, 0)Xdis^|^]_^+| {r, 0) + (terms including continuous rep.) 



7' 



1 k + 1 
2' 2 



n 



+ z 
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We finally make a comment with respect to the modular invariance. The regularized partition 
function is written as 



(T w.n 



+ E «0')xdis^:L,-^+|(T,o)xdisy_^.^+|(t,o) 



(2.64) 



where we have indicated the dependence on IR cut-off e explicitly. Strictly speaking this expres- 
sion is not modular invariant because of the non-trivial p-dependence of the spectral density 
p(p,w,n;e) (2.56), even though the original formula coming from the path-integral (2.38) ap- 
pears modular invariant. In fact, the IR regularization would spoil the modular invariance, as 
we often face in general non-compact curved backgrounds. In order to recover invariance, the 
best one can do is to consider the partition function per unit volume; 

Z{r;e) _ 1 
!^loge 2 ^ 



Z(r) ^ hm = ^EE r dpXcoJ;U^,0)XcoJ;Uf,0) . (2.65) 



The modular invariance of (2.65) follows from that of a free compact boson with a radius 
R = V2k. 

To summarize, the partition function is decomposed into two parts: (1) the continuous 
part Zcon{T), and (2) the discrete part ^dis(T)- The continuous part ^con(T) includes dominant 
contributions proportional to the volume factor, and correspond to the modes freely propagating 
in the bulk. Its precise definition depends on the regularization scheme. 

On the other hand, the discrete part ^dis(T) only contains representations of (anti-)chiral 
primaries and their spectral fiows within the range (2.58). They describe excitations localized 
around the tip of 2D black- hole that could be identified as the bound states [33] (see also [46]). 
The absence of IR divergence in .^dis(''") is in accord with this expectation. The part of discrete 
representations is universal: insensitive to the choice of regularization scheme and stable under 
marginal deformations preserving M = 2 SUSY. We will make use of this piece to compute 
elliptic genus in the next section which captures the geometrical information of the singular 
space-time. 

It seems that a strictly modular invariant partition function is obtained only after dividing 
by the infinite volume factor, which inevitably contains only the continuous representations. All 
the states appearing in this partition function (2.64) lie above the mass gap h > 1/(4A;), which 
corresponds to the decoupling of gravity in such a space-time. 
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3 Coupling to RCFT's 



In this section we investigate the type II string vacua of the forms; 

R'^-i'i ® M (8) SL{2; R)/C/(l) , (3.1) 

where M. is an arbitrary rational N = 2 SCFT with c = cm- The criticality condition is 

2+CA^ + -^ = 5, (3.2) 

and wc assume d is even. Wc expect that the superconformal system Ai ® 5*^(2; R)/f/(l) 
describes a non-compact CY^ with n = 5 — d/2. We assume a modular invariant of Al-sector 
with conformal blocks Fj as 

Zm (r, z)^W (r, .) ^ e'^^^'M ^WT. NjjF}^^ (r, .)Ff (f , ^) , (3.3) 
^ <^ ^ 1,1 

where z is the angle associated to the C/(l)-charge ol M — 2 SCA and a denotes the spin 
structures as before. In this paper we use the conventions; 

Fr)(r,^)^e-Q(^)Fr)(r,^ + ^) , 

Ff)(r,z)^5%^e-^-^Fr)(r,z + , 

Ff V, ^) = e— '5(^)g%^e^^^^^Ff (^^, ^ + I + , (3.4) 

where Q{I) is the f/(l)-charge of vacuum state of the conformal block Ff^^\T, z). (Note that 
the f/(l)-charge for F^\t,z) is equal Q{I) + CmI2.) Because of the rationality of M. there 
exists a finite periodicity in integral spectral flows. We assume Nq e Z>o to be the minimal 
integer such that 

Then we have c-m = M/Nq with some positive integer M. Recalling the criticality condition 
(3.2), we find that 

^ = f > N^Noor2No, (c5l(2;R)/c/(i) = 1 + ^' ^ + ^ + ^ = ^^"^^ 

with some positive integer K Throughout this section we shall assume (3.6) with fixed positive 
integers N, K in the S'L(2; R)/[/(l)-sector. 

''Note that both of the pairs Nq, M and A'', K are not necessarily relatively prime. For example, in the case 

R^'' «) M2n ® SL{2- R)/f/(l) , (n e Z>o) 

we find Nq = N = 2n + 2, M = 2n, K = n + 2. Therefore, Nq, M are not relatively prime for any n, and N, K 
are also not for even n. 
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A typical example is the Gepner model [47] ; 

n- 

= ® • • • , CM = Y. —t^ ' (3-7) 

i=i + I 

where M„ is the level n M = 2 minimal model. The relevant conformal blocks are the products 
of minimal characters (A. 6) 

Ff^\r,z) = \{chf^^2M^z) , (/=((4,mO,...,(4,m.))) , (3.8) 

and clearly we have A^o = L.C.M{ni + 2}. 

We also assume the symmetry under spectral flow of the coefficients of the modular invariant 

Nsii),sii) - , (3.9) 
where s : / — > s(/) denotes the action of spectral flow 

V, z) = g¥e^--^ FrV, z + t). (3.10) 



3.1 Modular Invariant Partition Functions per Unit Volume 



We first consider the modular invariant partition function for the coupled system 
M. (8) SL{2;'R)/U{1) with c — n. We assume N and K are relatively prime for the time being. 
Let us recall the partition function of the 5'L(2; R)fe/C/(l)-sector defined by dividing by the 
volume factor (2.65). Now in the case of a rational level k — N/K, the partition function (2.65) 
can be rewritten in terms of the extended characters 



1 

Zir) = E E E / c?PXco„^"Hp, Kno - Nwo; r, 0)xcoJ''\P: -Km - Nwo; r, 0) , 

rr .... ^'7 ^'7 •'0 

(3.11) 



Xc 



(NS)/ 



(p, m; T,z)= E XconS^£+„(r, z) = q^N Q^^^k (r, — 



neNZ 



2z\ e.(T,z) 



Nj riirf 



(3.12) 



This function is identified with the extended massive character (B.6) introduced in [18]; 




(3.13) 
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(3.11) is derived from the identity 

(3.14) 

and the modular invariant has the same form as the level NK theta system given in [48]. 
Zjv-periodicity under integral spectral flows is easy to see; 

^f.^g2.ic..^^^^(NS) rn-T,z + TT + n)^ Xcon^^'^ (p, m; r, z) , E NZ , {c ^ 1 + ^) . 

(3.15) 

Xcon*^'^'' {p, m;T, z) for other spin structures are defined by the 1/2-spectral flows in the same way 
as (2.37). 

Now, the task we have to carry out is the chiral projection onto integral [/(l)-charges as in 
the Gcpncr models [47] while taking account of the twisted sectors generated by integral spectral 
flows (see [49]). Because of the periodicities (3.5), (3.15), this is reduced to a Z Ar-orbifoldization. 
The desired conformal blocks are thus defined as the flow invariant orbits [49] ^ 



xXcoJ^^\p, Km - Nwo] r, z + ar + b) , 

^PS) ^ ^) ^ 1 V- f a2g2™ ^(NS)^- z + af + b) 
a,66Zjv 

xx^o^^^\v. -Kni - Nwo; f, -z-af-b) , (3.16) 
where e Zjv is the solution of the condition 

^ + Q{I)eZ, ^ + g(/)GZ, N.j^O, (3.17) 

which uniquely exist for each /, / with Nj j ^ such that Q{I) — Q{I) G Z, since we have 

Q{I),Q{i) G jyZ, (^J, ^/) and and K are assumed to be relatively prime. Especially, the 
solutions of (3.17) always exist if we assume the diagonal modular invariant in the TW-sector. 
We define J^j^^^,, = if the solution rij of (3.17) does not exist. The conformal blocks for other 
*In our convention the Af = 2 [/(l)-current in right-mover has been defined to be 

and the minus sign of z in (3.16) reflects this fact. This convention is natural because the winding/KK- momentum 
w, n of the compact boson Y are correctly reinterpreted as those of the M = 2 i7(l)-currents J, J by using the 
BRST-invariance. (See (2.40).) 
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spin structures are defined by the 1/2-spectral flows^ 

7r(NS) (r z) = F^^^) (t z+- 

^12„.(r, .) . ,^e-?^ TiZ. - + 5 + 5) ■ (3-18) 

Let us next consider the cases when N and K are not relatively prime. We set 

CCD {AT, = i/ , N^Nv, K^Kv. (3.19) 

Then the solutions of the condition (3.17) exist only if Q{I),Q{i) e -^Z, and are not unique: 
we must sum over the mod N spectral flows rij + 2N ^ (/x e Z^,). Namely, (3.16) has to be 
replaced with 



X Yl Xcon^('^f%)(p, K{ni + 2Ni^) - Nwo] T,z + aT + b) 



a,o£Ziff 

(NS) 

/\,con 



xXconf^^ji) {p, Km - Nwo] r,z + ar + b) , (3.20) 

where we have indicated explicitly the N, K dependence of the extended characters. 
The modular invariant partition function (as the cr-model on CY^ is obtained as 

Z(r,.)=e--"^iE E ^E r^PAr,X;,.o(-,-)-^}to(-,--)- (3-21) 

<y Woei2K 1,1 ^ 



>,wo 



We note the invariance (up to phase) under spectral flow of the conformal blocks ^j^p*,, 

q^^^''''-'^^ ^S.o(^^+ ar + b)^ 6„,,(a)^g^„(r, z) , {\, b e Z) , (3.22) 
e„,;.(NS) = l, e„,;.(NS) = (-1)"" , e„,,(R) = (-1)"\ e„,;.(R) = (-1)"(<^+^) , 

(3.23) 

and recall the assumption (3.9). Then the factor 1/N in (3.21) is necessary to remove the A'^-fold 
overcounting of states. 

Incorporating the R*^"^' ^-sector (- + n = 5), the supersymmetric conformal blocks are 
constructed as 

d-2 

7-2" r]{Ty^^ ^ V ) 

^We here adopt a somewhat unusual definitions of NS, R-conformal blocks omitting some phase factors. As 
an advantage, the supersymmetric conformal blocks (3.24) become simpler forms. 
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where 9[a-] again denotes ^3, 64, 62, iOi for a — NS,NS,R, R respectively, and we set e(NS) = 
e(R) = +1, e(NS) = e(R) = —1. The conformal blocks (3.24) actually vanish for arbitrary r, z 
[50] , as is consistent with the space-time SUSY. It is not difficult to confirm that the conformal 
blocks (3.24) reproduce the results obtained in [7] for the special cases M. — Mn-2- (Precisely 
speaking, in the d — A case we need some further orbifoldization in the 5'L(2; R)/C/(l)-sector 
to reproduce the formula of [7].) 



3.2 Elliptic Genera 

Let us next study the discrete spectrum of the theory which carries geometrical informa- 
tion of the target space geometry. As we have seen in the previous section, contributions of 
continuous representations dominate the partition functions and it is difficult to isolate the 
contributions of discrete states of the theory by inspecting the partition functions. We thus 
propose to study the elliptic genera from which continuous series decouple and one can clearly 
see the contents of discrete states in the theory. 

We first recall that the elliptic genera are defined by the partition functions in the R sector 
of the theory [34, 51], 

Z(r, z) = Tr^(R)^„(R) (-1) V-^^^"g^»-ig^"-t , (3.25) 

where F = — Fr denotes the world-sheet fermion number. When one sets z — Q above, 
elliptic genus is reduced to the Witten index. 

It is well-known that, in any rational M — 2 SCFT the elliptic genus is a good supersym- 
metric index stable under arbitrary chiral marginal deformations. Furthermore, it possesses 
simple modular and spectral flow properties. It is identifled as a (weak) Jacobi form [52] in 
mathematical terminology (see, e.g. [34, 53]). 

As we shall see in the following, in the case of singular non-compact manifolds elliptic genera 
are no longer Jacobi forms and have some complicated modular properties: they are in general 
described by Appell functions which feature in the study of vector bundles of higher rank over 
elliptic curves [35, 36]. 

The evaluation of elliptic genus is almost parallel to the previous analysis of the modular in- 
variant partition functions: we just replace the continuous extended characters Xcon^'^^ (p, r, z) 
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(3.12) by the discrete ones Xdis'^'^Hs,m;T, z) (m e Z2nk) defined by 



Xdis^'^^^ (s, s + 2Kr; t,z)^ ^ Xdisg^+.+„(r, z) ^ Ch^ (r, s; r, z) (r e Z^) 

XdiJ-^^^ (s, m; r, ^) = , m ^ s (mod 2K) 



(3.26) 

In this definition Xdisf^mi'^i ^) branching functions for discrete series (2.28) and identified 

with the Af — 2 massless matter characters. Chj^^-'(r, s; r, z) is the massless extended character 
introduced in [18], given exphcitly in (B.7). The extended characters of other spin structures 
are again defined by the spectral fiows. We note that Xdis'^^^s^m) (and Xdis''^''('S, m)) can take 
non-zero values only if m = s + X (mod2ir). The discrete part of partition function (2.61) can 
be rewritten in terms of the extended characters Xdis^'^Ks, m; r, z) in the same way as (3.11); 

1 N+K 

Zd-M = ^Y. E E E 

o" woeZ2if noeZjv s=K 

xxdis^"^ {s, Kno - Nwo; r, 0)xdis^"^ {s, -Kno - Nwo; f, 0) , (3.27) 
1 K + l<s<N + K- l 



a{s) = < 



(3.28) 
I s^K,N + K . 



In the following let us assume that K and N are relatively prime for the sake of simplicity. 
Performing the Zjv-orbifoldization, we can construct the conformal blocks in the same way as 
(3.16); 

a,bGZjv 

xxdis (^%)(s, Km - Nwo; T,z + aT + b) , 

a,6GZjv 

xXdis^('i%(s, -Km - Nwo; f, -z-af -h) , (3.29) 

where we again assumed (3.19). The desired R-parts gi^J^woi^-> ^)-> ^l^^«,o^^' ^-^ defined by 
the 1/2-spectral fiow as in (3.18). Writing the Witten indices as 

lim (r,^) =X/,^„ , (3.30) 

we obtain the general formula of elliptic genus 



1 



N+K 



Z{r,z)^-Y.i: E «(^)^/,7%,.oC:«^o(^'^)- (3-31) 

/ / s=K woeZ2K 



For our later calculations it is useful to note the formula of Witten index (B.ll), that is, 

lim XdisfN,K) (s> rn;T,z)^ -^m^s-l ■ (3-32) 
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It is also useful to introduce 

N+K 

2N,K{r, z) = -J2 «(«)Xdis^(^,;^)(s, s-K;t,z) , (3.33) 

s=K 

which describes the SL{2; R)/C/(l)-part of eUiptic genera in the prescription of Zjv-orbifoldization. 
With the help of (B.IO) we can further rewrite it as 

s-K 

N+K ( p2mz Nn\ N 



^ 1-e— ^g" r]{TY 2 \ NJ r]{Tf 



i9i{T,z) 



r]{Tf 



(3.34) 



where A^^(r, i/, /i) is the "level £ Appell function" [35, 36] defined by 

mez ^ ^ 

We present examples of concrete calculations: 

Example 1. Conifold {N = K = 1, M is trivial, n = 3) : 

This is the simplest example and should be identified with the deformed conifold (under the 
T-duality to J\f = 2 Liouville) [1]. The elliptic genus (3.31) has a simple form 



-'conifold 



{t,z) = Zi^i{t,z) = (^Xdis^(^,\)(l,0;r,2) +Xdis(^,-'i)(2, l;r,z)^ . (3.36) 

We only have the boundary terms of the range (2.58). The following identity is presented in 
[54] and quite useful; 

Ch^'(g = ±l;r,z) = E 1 + ,±2...^n-i/2 

^ ^F^J+2®^'^(^''^)W 

(3.37) 

where ChS^^(Q; r. z) is the characters of c = 3 extended chiral algebra [54, 49] (we use the 

r 1 

notation given in Appendix C of [18]). Applying the 1/2-spectral flow z — > z-\ 1 — to both 

sides of (3.37), we obtain the identity (see also [36]) 

Xdis (i,i)(l, 0; r, z){= Xdis (i,i)(2, 1; r, -z)) = /C2(r, z, 0) ^^^^3 



(e_i/2,3/2(T, 2z) + ei/2,3/2(T, 2z)) + -QoA^^ 2^) 



i6'i(r,2;) 



"2^;Mr+2®°'^^^''"^^K^- ^^-^^^ 
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To derive the last line we used the Watson's quintuple product identity (A. 7) (see e.g. [55].) In 
this way we obtain the simple formula 



-^conifoldlT, z) 



I 0i{r,2z) 
2 9,{t,z) 



(3.39) 



It may be worthwhile to point out the following fact: The elliptic genus for the level n — 2 
J\f — 2 minimal model was calculated in [51] by using the free field method in jV = 2 Landau- 
Ginzburg theory with superpotential W{X) — X". The result is expressed as 



n-2 



n-2 



i=0 i=0 '^IV ' n^) 



(3.40) 



where ch^^(T, 2;) is the character of minimal model M„_2 (A. 6). It is curious to see that the 
"analytic continuation" of this formula to the inverse power potential W{X) — (n — — 1), 
which is often used to describe the conformal system of conifold [1], correctly reproduces our 
result (3.39) (up to normalization). 

Example 2. ALE(A„_i) {M = M„_2, N ^ n, K ^ 1, n ^ 2) : 

This is the conformal system first analyzed in [2] and is considered to describe the ALE 
space obtained by deforming the A„_i-type singularity (in the case of the diagonal modular 
invariants in M„_2). The formula (3.31) gives us 



n-2 



2ALE{A„_,){r, z) = Y^ ch^(r, z) XdisL'i) (^ + 2, -m; r, z) 



msZ2„ 

e+m=l (mod 2) 



(3.41) 

Note that only the representations with 2 < s{= i+2) < n contributes in this case, and thus we 
do not have the boundary terms in contrast with the Example 1. The Witten index is evaluated 
as 



lim ZALE(A„_i)(r, z) = n-l , 



(3.42) 



which reproduces the correct number of non-contractable 2-cycles. In the special case of Eguchi- 
Hanson space ALE{Ai) the formula (3.41) is reduced to 



■'ALE(A 



z) = Xdis (2,1) (2, -1; r, z) - Xdis (2,1) (2, 1; T, z) 



(R) (n 1 . ^ ^^ _ (R) 

3(2,1)1^' 

= -cht''^\i^O;r,z) 

.^)n^in(n+l)g2,ri(n+i)z ^^^^^^ 



E 

nGZ 



]^ Q2i7izqn 



(3.43) 
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where ch'^~'^^^\£; r, z) denotes the level 1 jV = 4 massless character of spin l{— 0, 1/2) (related 
with ch;^~^^'^^^(l/2 — £; r, z) by the spectral flow) [56]. 

Using the formulas (3.34) and (3.40), we can also rewrite (3.41) in the form that makes the 
orbifold structure manifest as in [53]; 



2^ale(a„_o(t,-2) = - E ?"'e^'""'ZM„_,(T,z + aT + 6)Z„,i(T,z + aT + 6) 

a,6€Z„ 



1 



a+h „^ A2T^az 



n 



01 (t, ^{z + ar + b)) 



x/C.„(r,i(. + ar + 6),0)^ 



(3.44) 



Here we used the relation 9i{t, z + ar + b) = (_i)o-+f'g-^e~*^™^ 6'i(r, z). Note that the theta 
function term in (3.34) is eliminated by the Z jv-orbifoldization. 

One can also perform similar calculations in the cases of Cy4-singularity of /l„_i-type {N = 
n, K = n + 1). We obtain 



n-2 



2cY,{Ar,.,){T,z) = Yl E chJ|^(T,^)xdis^(^;„+i)(^ + ri + 2,-m;T,2;) 



(R) 



e+m=l (mod 2) 



^a,6^Z„ ^i(T,i(^ + ar + 6)) 

x/C2„(„+i) (r, ^(^ + ar + 6), o) 



(3.45) 



Example 3. General cases of non-compact CY^ : 

Lastly we consider the general models of n = 3, where Ai is an arbitrary M = 2 RCFT 
with cj^ < 2. We make a natural assumption of the "charge conjugation symmetry" in the 
A4-sector. Namely, we postulate 



where the charge conjugation c : / ^ c(/) is defined by 



^(NS) 
0(1) ' 



r,z)^Fr{r,-z) 



(3.46) 



(3.47) 



Rather surprisingly we can show that the elliptic genera for these models have a simple and 
universal form; 



(3.48) 
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where x = l™z^o ^iji'^^ is the Witten index that counts the Ramond ground states in the 
total system. 

We sketch how one can derive this formula. Thanks to the above assumption (3.46), the 
elliptic genus is found to have only contributions of the symmetrized forms Q^^^q ^i ^) + 
^||^|^ij(t, — z). Furthermore, because of the C/(l)-projection the NS conformal blocks ^/^f^g 
should be expanded with positive integer coefficients by the characters of the c — 3 extended 
algebra [54]: Chj^^^(<5 — Ch^^\Q — —l]r,z), and massive characters 

Ch(^'\h, g = 0; r, .) ^ q'-'/'QoAr, 2z) , 

Ch(^^)(/., \Q\ ^ l;r,z) ^ q'^-'/'e^,,{r,2z) MIlJI . (3.49) 

(We again use the notations given in Appendix C of [18].) Note that the graviton representation 
{h = Q = 0) cannot occur owing to the constraint K < s < N + K (or (2.58)). Consequently, 
recalling the identity (3.37), (3.38), one can find 



C!.o(-, = (-teger) x i (^ Q-V^./^M.) ^ ©VH^gl^ ] + 



The massive part is generically an infinite sum of the terms of the forms q*Qo (i),i (t, 2z)i6i (r, z) / rjir) 
and hence odd functions of z. It does not contribute because of the above remark. In this way 
we arrive at the general formula (3.48). 

It has been shown in [53] that the elliptic genera for arbitrary Gepner models (or the LG- 
orbifolds) of compact CY^ can be written in the form 

■7 ( \ (u h N ^-1/2,3/2 (r,2^) 61/2,3/2(^,22;) \ 

2^Gepner(r, Z) = (/li,2 - /ll,l) '—^^ \ , (3.51) 

where hi^2, ^1,1 are the numbers of (c, c), (c, a)-type chiral primaries oi h — h — 1/2 respectively, 
which should be identified with the Hodge numbers of CY3. Our result (3.48) is the generahza- 
tion of this formula to the non-compact models. Note that x — 2(/ii,2 — ^1,1) is an even number 
for any compact CY3, while x iii (3.48) is allowed to be odd. Recall the conifold case. Example 
1. 



A few remarks are in order: 



1 . The elliptic genus includes contributions of Ramond ground states that are naively supposed 
to describe massless excitations in string theory. However, to identify them with the massless 
spectrum we must take account of the GSO condition for spin structures. The simplest way to 
do so is to look for the corresponding NS (anti-)chiral states with h — - \Q\ — - . For example, 
in the ALE(An-i) case (Example 2), we have n — 1 Ramond ground states and all of them 
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correspond to massless string states. They are identified as each of normahzable deformations 
of A„_i-singularity ("moduh"). However, even though the ^„_i-model of the Calabi-Yau 4- fold 
n — A [N — n, K — n-\-l) still has the Witten index Z{t, 0) — n — 1, they cannot define NS 
massless states at all. This feature has its origin in the restriction K < s < N + K. We thus 
find the inequality 

;.^^>^^i + ^>i, (3.52) 
2iV - 2Ar 2 2n 2 ' ^ ' 

for the chiral primary states in the S'L(2; R)/[/(l)-sector, implying no massless states appear 
in the superstring spectrum. These missing massless states would be associated to the non- 
normalizable deformations of /l„_i-singularity ("coupling constants"). In the Calabi-Yau 3-fold 
n = 3 case the aspect of massless states is more complex: the half of them appears as massless 
states in the closed string spectrum and the remaining ones are missing. These aspects of 
marginal fields in singular CY^ have been discussed in [57, 58, 4, 6]. 

2. As we already mentioned, the elliptic genera of A/" = 2 RCFT's for compact CY^ are known 
to be the (weak) Jacobi form with weight and index n/2. This means that the elliptic genera 
have the following properties; 



Q 



^a^^2^i^az ^j^ar + h)^ (_i)n(«+&) z{t, z) , (^a, 6 e Z) , (3.53) 
Z{t + 1,z)= Z{t,z) , (3.54) 
Z (^-i, ^ = e'^"^Z(T, z) . (3.55) 

It is easy to confirm that our elliptic genera for non-compact models (3.31) satisfy (3.53) and 
(3.54). However, the third condition for the S-transformation is not necessarily obeyed. For 
the n = 3 cases, (3.55) is also satisfied because of the general formula (3.48). However, in the 
n = 2, 4 cases, the elliptic genera are proportional to the Appell function which transforms as 
[36] 

1 V .„2_„2 

T T T 



/C,(--,-,^)=re^'^^^/C,(r,^,/.) 



+r ^ e'^^^'^+t^) $(^T, £n - aT)9s{iT, iu + ar) (3.56) 



a=Q 



where 



—IT I J-oo smh[7rx^/ —ZT) 

The above transformation law corresponds to the mixing of discrete and continuous represen- 
tations in jV = 2 Liouville theory [56, 54, 59, 18] (see Appendix B). Appell functions (3.35) are 
interpreted as sections of higher rank vector bundles over elliptic curves as opposed to theta- 
functions which are sections of line bundles [35]. It is interesting to see if one can achieve a 
precise geometrical interpretation of the elliptic genera in the non-compact space-time. 
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4 Summary 



In this paper we have confirmed the correspondence between SL{2;Ii)k/U{l) supercoset 
and J\f = 2 Liouville theory and computed the elliptic genera for various singular space-times. 
We summarize the main ingredients of this paper. 

1. Partition functions of SL{2;'R)k/U{l) theories are decomposed into two pieces: (1) the 
part consisting of continuous (massive) representations and (2) the part consisting of 
discrete (massless matter) representations. 

2. The continuous part is proportional to the volume factor, since it describes the propagating 
modes in the bulk, and gives the leading contribution to the partition function. It seems 
that strictly modular invariant partition functions are obtained after the division by the 
infinite volume factor. Then they contain only the continuous representations (massive 
modes), and reproduce the results obtained previously in [7]. 

3. The discrete part describes excitations localized around the tip of cigar [33] and thus 
appears without the volume factor. Embedded in superstring vacua it could be interpreted 
as contributions from massless matter fields corresponding to the deformations of Calabi- 
Yau singularities. 

4. Continuous representations do not contribute to the elliptic genera and thus elliptic genus 
clearly exhibits the contributions of the discrete states. In generic cases (of Ctot = 2,4) the 
elliptic genera possess complex modular behaviors, and they are not Jacobi forms (section 
of line bundles) but sections of higher rank vector bundles. On the other hand, in models 
with Ctot — 3 the elliptic genera behave in the same way as rational conformal theories. 

5. When embedded in superstring vacua by means of the Gcpner-like method, the extended 
characters defined in [18] emerges quite naturally in continuous and discrete scries (see 
(3.12), (3.26)). We have also confirmed that discrete representations in A/" = 2 Liouville 
theory closed under modular transformations are mapped to unitary discrete representa- 
tions in the range l/2<j<(A;-|-l)/2 which appear in the regularized partition function 
of SL{2,'R)k/U{l) theory. This justifies our Ansatz for the basis of Ishibashi states of 
Af — 2 Liouville theory we have proposed in [18]. 

6. It appears quite likely that M — 2 Liouville and S'L(2, R)fe/C/(1) theories are in fact ex- 
actly mapped into each other (T-duality) and will essentially be one and the same theory 
with identical physical contents. This is gratifying since in the Liouville approach it has 
been extremely difficult to incorporate the effects of the Liouville potential terms non- 
perturbatively into the theory. We note that in the SL{2, R)fe/C/(1) supercoset theory, on 
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the other hand, the space-time is curved into a 2D black hole but the (cosmological con- 
stant) parameter n does not appear explicitly. Thus it seems that SL{2, R)jt/C/(1) theory 
has deformed the space-time by absorbing the Liouville potential terms. Agreement of our 
Liouville results [18] with those of SL{2,'R)k/U{l) theory is encouraging and indicates 
that we have incorporated properly the effects of Liouville potential terms in the analysis. 
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Appendix A Notations and Some Useful Formulas 



1. Theta functions 

We here summarize our notations of theta functions. We set q = e^"^" and y = e^'"*^, 

oo oo 

n=— oo m=l 

oo oo 

02{t,z)= Y: g("-'/'^'V-'/' = 2cos(7r^)gi/« n(l-5"')(l + ?/0(l + 2/"'D , 

n=— oo m=l 

oo oo 

Osir, z)= Y: (t'^'^y'' = 11(1 - + + y-ig"-^/^) , 

n=— oo m=l 

oo oo 

^4(r,^) = E (-1)V'V= n(l-D(l-2/r-^/')(l-2/-'r-'/') , (A.l) 



m=l 



n=— oo 

oo 

n=— oo 
oo 

r){T) = q^'^' - q-) . (A.2) 

n=l 

2. Chciracter Formulcis for the J\f — 2 Minimal Models 

The easiest way to represent the character formulas of the level k M = 2 minimal model 

, //, • . . , SU(2)k X S0(2)i , , 

(c = k/{k + 2)) IS to use its reahzation as the coset We then have the 

U{l)k+2 

following branching relation; 

xf\r, w)es,2{r, w-z)^ E Xt'ir, z)em,k+2ir, w - 2z/{k + 2)) , 

e+m+se2Z 

X^'(t, z) = , for ^ + m + s e 2Z + 1 , (A.3) 
where X^^'*(t, ^) is the spin £/2 character of SU{2)k; 

xf'(r..) = ^'"'^"i:-"|"^-'-yf'^> ^ cWWe„,(r..). (A.4) 
Bi,2(t,z) -e_i,2(r,z) 

The branching function Xm^^i ^) explicitly calculated as follows; 

Xmir, ^) = E 4!'m-3+4r(^)02m+(fc+2)(-.+4r),2fc(fc+2)(r, ^/ {k + 2)) . (A.5) 



28 



Then, the desired character formulas are written as 

chgV, z) = x^°(r, z) - /^{r, z) ^ e^^ch^^) (r, . + \ 
chfi(r, z) = x'^{t, z) + x^'(r, z) = g^y^chf^'|i [r, ^ + , 



(A.6) 



By definition, we restrict to £ + m G 2Z in NS and NS sectors, and to £ + m G 2Z + 1 in R and 
R sectors. 

3. Useful identity 



meZ 



^ (ei/2,3/2(r,2^) + e_i/2,3/2(r,2^)^ ^'^^'^'^ 



V-V^,o/.v,-. . — v^,o/.v,-~.y ^^^^^^^ 

(Watson's quintuple product identity) . (A. 7) 

The following identity is often useful in checking the modular invariance 



Imr 2r 2f 
We also note that the combination \u\'^/t2 is modular invariant. 



Appendix B Af = 2 (Extended) Character Formulas for 

C> 1 

We denote the conformal weight and f/(l)-charge of the highest weight state as h, Q and 
again set q = e^'^*'^, y = e^^*^. The irreducible characters oi J\f — 2 SCA with c > 1 are 
summarized as follows [60]; 

(1) massive representations : 

ch(^s)(/.,g;r,^) = g'^-('^^^)/^«^4^, {h>\Q\/2, Q<\Q\<c-l). (B.l) 
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(2) massless matter representations : 

ch('^S).Q . _ M_(e-l)/8 Q ^ m 2\ 

They correspond to the (anti-)chiral primary state with h = |(5|/2, (0 < \Q\ < c). 

(3) graviton representation : 

They correspond to the vacuum h — Q — 0, which is the unique state being both chiral 
and anti-chiral primary. 

More general unitary representations are generated by the integral spectral flows and clas- 
sified in [41]. The spectral fiow generator Un with a real parameter rj is defined by 

1 ^2 
U'^JmUrj = Jm + C7]6m,0 , 

U-'G^U, = . (B.4) 

Half-integral spectral flows r] E - + Z intertwine the NS and R sector characters, while the 
integral spectral flows rj = n E Z keep the spin structure. The spectrally flowed characters are 
given by 

chfS)(*,n;T,z) = ?i"'y-chfS)(*;r,z + nT) , (n e Z) , (B.5) 

where ch^^^''(*; r, 2;) is the abbreviated notation of (B.1)-(B.3). 

For the theory of c = 1 -|- 2K/N {N, K e Z>o), we introduce the "extended characters" [18] 
which should be the characters of unitary representations of the extended chiral algebra defined 
by adding the spectral flow generators U±n [56, 54, 49, 50]. 

Ch(^s)(/.,a;r,.) = ^ gt"V" ch^^^) (/.o, Q = f ; r, . + nr) 

ner+NZ V iV / 

7 'Cfn.NK T, — . 



/^^e.,.K^r,-j^, (B.6) 
fh-h , rap Kr^ _ + _ ,r,r.^ 



I AT'7 \ iV / 



n&r+NZ 



s-K 
N 
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Ch'S'\r;r,z) ^ E g^^y-chg'^) (r, z + nr) , 

n€r+NZ 



mez 



where the ranges of parameters r, a, s are given as 

reZjv, aeZ2NK, l<s<N + 2K-l, (s e Z) . (B.9) 
In the calculations of elliptic genera, we use the following formula (r e - + Zjv) 

ChS)(r,.;r,.) . e^^^gM Ch^ (r - ^, r, . + ^ + 1) 

jv(m+2l±l) 



AT 



^ V ^ V y2K(„.+2^) iV/.(^+2r±l)^ ^Mllil (BIO) 

mez 1 - yq^ 2iv J r^l^r; 

which yields the Witten index 

lim Chff(r, r, z) = -(^^^I^/^ ■ (B-H) 

For convenience of readers wc also present the modular transformation formulas given in 
[18] in terms of the new notations (3.12), (3.26). They are written as 



X 



I dp' COS (27r— pp'j XcoJ'^^Kp': m'- r, z) , (B.12) 



1 / 

-L V— \ g ■ mm. 



m'eZ2NK 



■^0 2 cosh7r(y + 

s'=ii:+l m'GZajvx 

+4 E e-^-i^ {Xdis^^^n^, r, z) - Xdis^^^n^^ + i^, m' + TV; r, z)} 

"i'eZ2Arif 



(B.13) 
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Appendix C Explicit Calculation of Partition Function 



In this Appendix we present the exphcit derivation of (2.38) by the path-integration. This 
is almost parallel to the analysis of the bosonic models given in [30, 31]. We define the world- 
sheet torus by the identifications {w, -iD) ~ (w -|- 27i, w + 27i) ~ (w -|- 27rr, w + 2nf) (r = ri + ir2, 
T2 > 0, and use the convention z = e*"', z — e"*""). We call the cycles defined by these two 
identifications as the a and /3-cycles as usual. 

The desired partition function is written as 

Z{t) = j V[g, A, i;^, e-«^gWZw(9,^)-Sv.(V'±,v;±,A) _ 

Although the Euchdean 2D BH is manifestly positive definite (since the time-hke C/(l) is gauged 
away) , the calculation of partition function could be subtle due to the Lorentzian signature in the 
parent 5'L(2;R) theory. Therefore, it is better to start with the Wick rotated model if^/R, 
where ^ SL{2;C)/SU{2) is the Euchdean AdSs- The Wick rotation is defined by the 
replacement; g e SL{2;R) ^ g E SL{2;C)/ SU{2) and the gauge field A = {A^dz + A^dz) ^ 
should be regarded as a hermitian 1-form. 

To calculate the partition function (C.l) it is convenient to reexpress the gauged WZW 
action (2.4) in the form 

Sgwzw{g, A) = Swzw{hLghB.) — 5'wzw(^L^fl^) = 'S'g^zw(fl'> ^l, hn) , (C.2) 
^-y = d-Mh-r} , Ay = d^hnh-^^ , (C.3) 

where wc used the abbreviated notation 5'wzw(5') = 'S'^gw Kd)- After the Wick rotation we 
must suppose hi = h\{= h) e exp(C(T2). We also introduce the vector-like gauged WZW 
action 

'S'gwzw(fl'> ^L, hu) = S^j\fzwihL9hR) — Sy^zY^ihhhR) ■ (C.4) 
We can parameterize h{= Hl = /i|^) as 

h = e(^+'^)¥/i" , /i" = e'*"^ , (C.5) 

where ^'^{w,w) is associated with the modulus of holomorphic line bundle; u = SiT — S2 & 
Jac(E) = E, (0 < si, S2 < 1), conventionally defined as 

^'^{w,w) ^ — {{wf - wt)si + {w - W)S2} , (C.6) 

2T2 

It is a real harmonic function satisfying the twisted boundary conditions 

$"(w + 2-K,iv + 27r) = $"(«;, w) + 27rsi , $"(«; + 2'kt, w + 27rf) = $"(t(;, w) + 27rs2 ■ (C.7) 
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Real scalar fields X, Y correspond to the axial (Ra) and vector (C/(l)y) gauge transformations 
respectively. Using the Polyakov-Wiegmann identity 

S%^{ngn\ n-'h, Ot-i/^t) = S^^^^ig, h, h^) - S^^ij^^{n-'n\ h, h^-') , (C.8) 

and the gauge invariance of path-integral measure V{QgQ'^) = Vg, we can rewrite the partition 
function (C.l) as follows (after dividing by the gauge volume j VX); 

Z{t) = J d\ I V[g, Y, 7/;^, i,^, b, b, c, c] e-«5(-)te,'.^^"t)+(„_2)5(-)(e-<^2,,.^ft>^t-l) 

= j^(fuZg{T,u)ZY{T,u)Z^{T,u)Zgh{T) , (C.9) 

U — Vj 

{al = w) = — , al = w) = —). 

ZT2 2.T2 

Here 6, c (6, c) are the spin (1,0) ghost system to rewrite the Jacobian of path integral measure. 
The level shift k ^ K-2{=k) for the action ,S(^)(e^^^2 /i", jn (C.9) is owing to the 
chiral anomaly of the fermion determinant, regularized so that it is anomaly free along the axial 
direction. 

We next evaluate each sector separately: 
• iJ^-sector : 

This non-trivial sector has been already evaluated in [30, 31] (see the comment below); 



^\Oi{t,u) 

Zg{T,u) is indeed modular invariant, especially under the S-transformation r — > — 1/t, 

u — > u/t. Note that the "anomaly factor" e ^2 remedies the S-invariance thanks to 
the identity (A. 8) as mentioned in Appendix B of [42]. 

• C/(l)i/-sector : 

Y is the coordinate along C/(l)y-direction {1^x72) and thus compact; Y Y -\- 27r. The 
relevant world-sheet action is calculated as 

Sy{Y;u) = -A;5wzw(/iV^"^/i"t-^) + A;5wzw(/^"/i"^) 

= - ( d^w \di,Y - ia^^l' ^- I d^w . (C.ll) 

In the last line we set = Y + which satisfies the twisted boundary conditions; 

y"(w + 27r, fZ) + 27r) = y"(w, w) + 27r(m + si) , (m e Z) 

y"(w + 27rT,'fZ; + 27rf) =y"(w,'fZ;) + 27r(n + S2) , (n E Z) . (C.12) 
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Rescaling the twisted boson y" as — > /\/2k^ we arrive at the theory of a twisted 
compact boson with radius R — \/2k. Therefore, the relevant partition function becomes 



oc 



1 / tt/c \ 

I , x|2 exp -— |(m + si)T-(n + S2)n ■ (C.13) 



Again this is manifestly modular invariant. 

• fermion and ghost sectors : 

The remaining fermionic sectors are easy to evaluate. They are the standard fermion 
determinants with anti-periodic and periodic boundary conditions respectively (for the 
NS sector of tf)^) 



Zf^\r,u) = /p[z^±,^±]e-^'^(^"-^"-«") = e-^'^^^^^^, (C.14) 
J \r]{T)\ 



The factor e ^2 included in (C.14) is the correct anomaly factor to assure the modular 
invariance. 



Gathering all the contributions (C.IO), (C.13), (C.14) and (C.15), we finally obtain the 
desired partition function (2.38). 

We further make a comment on the several path-integral formulas for the (gauged) 
WZW models presented in [30, 31]; 

_(«_2),r(iJ^ 

/ Vg e-«^wzw('^"s'*"^) = Tr f e^'^^'^^o-^^'o)) oc - — , , , (C.16) 

J ^ ' V^I^UT,!*)!^ 

27ri 



/ Vge-^^'""'^-^-^^^'^ c ' , (C.17) 

J ^\0i{t,u)\^ 



where /i" is defined in (C.5). The second and third formulas (C.17), (C.18) are modular invari- 
ant, but the first one (C.16) is not, although it has a natural interpretation as the trace in the 
operator calculus. 

The third formula (C.18) is the easiest to prove. The axial action 5(^)(^, /i", /i"t) 

can be 

rewritten as a complete quadratic form by taking suitable coordinates on [31]. The relevant 
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calculation is then reduced to successive Gaussian integrals and the chiral anomaly formulas 
is a non-compact real scalar along the R(72-direction and v is a complex scalar); 



J Pt,e"'"^''''(^'''"'''"^) = J V[(f),V,v] e"- / d^^{i9n,'P+al)id^^+al)Hdw+dn,^+al)vid^+d^<i>+al)v} 

= J P0e-^/<^'-l^""^+<l' X det [{d^ + d^(t> + al)\d^ + + al))"^ 



-1TK 



H 

e '^2 

oc 



2 / flr^.A^ \ -1 



e ^2 |t^i(r, m)| 1 e ^^2 



T2|r7(T)| 



T"2 



v 



(C.19) 



We have thus obtained the formula (C.18). In the last line the path-integration of is evaluated 
as 



= e-""^ / p^e-^/'^'-^-'^^-'^+i^ /'^"^'^'^ oc ^ , „ , (C.20) 



where we set a" = a^dw — a^dw = id^^, which satisfies 

a" = 27risi , a" = 27ris2 ■ (C.21) 

Since is non-compact, we have f d(f) = f dcf) — 0, and hence the linear term of does not 

Ja Ji3 

contribute. 

The remaining formulas (C.16) and (C.17) are readily derived from (C.18) by using the 
properties 5wzw(W^) = S^Mh^'h''^'') = 
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